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Abstract

We explore the con gurations deduced from the barycentric ©-
ordinates of a given point and de ne the notion of bicentric triples,
bicentric conics, bicentric cubics.

1 Playing with barycentric coordinates

Let P = (p:qg:r)be a point distinct of the centroid G not lying on
the sidelines of the reference triangl&BC (i.e. such that pqr 6 0) and let
'P = (1=p: 1=qg: 1=r) be its isotomic conjugate.

1.1 Related points on the sidelines of ABC
The cevian triangle ofP is denoted byP,P,P. with :
Pa=(0:q:r); Ppo=(p:0:r); P.=(p:q:0)
The cevian triangle of'P is denoted by'P:P}P. with :
'Pa=(0:r:q); 'P,=(r:0:p); '‘P.=(q:p:0)

The parallels to AB at P, and to AC at P, meet BC at Py, and P,
respectively and, similarly, the parallels toAB at 'P, and to AC at ‘P, meet
BC at 'Pp, and 'P¢, respectively. The coordinates of these four points are :

Pba:(o:p:r); Pca:(OZQZD); tha:(OZer); tIDC{:\:(O:D:CD
The corresponding points on the other sidelines &BC are de ned likewise :
Poo=(p:0:0); Pap=(q:0:r); "Pep=(q:0:p); "Pap=(r:0:0)

Pac=(r:q:0); Ppc=(p:r:0); "Pac=(q:r:0); "P=(r:p:0)

We obtain a total of eighteen points on the sidelines corresponding &ll
the possible permutations of two non-zero coordinates taken anwpp; q; .

1.2 Permuting coordinates

We can now construct all the points obtained fronP by permuting its
coordinates.

When one coordinate only stays at its place, we get the three followgn
points :
Po=(p:r:q; Py=(r:q:p); P-=(q:p:r)



is also the intersection of the lineA'P with the parallel at P to the sideline
BC.
Their isotomic conjugates are obtained in the same way :

tP|D=(1=p: 1=r:1=0 = (qr:pq: pr);

th =(1=r:1=q: 1=p = (pq: pr:qr);
'P, =(1=q: 1=p: 1=r) = (pr : qr : pg)
with 'Pp = B'Pg,\ C'Pyc for example.

When none of the three coordinates stays in place, we obtain thedw
points :
Qi=(q:r:p); Qz=(r:p:q
with Q; = AP, \ B'P,\ C'Pyand Q; = A'Pq\ B'P,\ C'Py:

These pointsQ,, Q, are called thebicentric mates of P and P, Qq, Q>
is called abicentric triple . Note that the centroid of a bicentric triple is
always the centroidG of ABC.

The line Q:1Q, is parallel to the trilinear polar of P and the midpoint of
Q1Q: is the complement ofP.

Their isotomic conjugates are

'Q1=(1=q: 1=r : 1=p) = (pr : pg: qr);

'Q,=(1=r:1=p:1=09 = (pqg: qr: pr):
These two points are the perspectors of trianglesBC and PyaPcpPac, ABC
and P ,P.,Py. respectively.

Remark : the ve triangles ABC, PpPyP;, 'P,'Py'Pr, PQ1Q2, 'P'Q}Q:
have the same centroidG and the three vertices of each triangle form a
bicentric triple.

Similarly, the eighteen points above also form six bicentric triples andhé
six corresponding triangles have the same centrofdl.

We obtain some other points by intersecting other related lines :

Rp= BP,\ CPy=(qr: o :r?);
Rq= CP,\ AP, = (p?:pr:r?);
R: = APy\ BP, = (p*: ¢ : po);

and similarly their isotomic conjugates

'Rp = B'P,\ C'Py=(qr:r?:c);
'Rq= C'P,\ AP, =(r?:pr:p?);
'Ry = A'Pq\ B'P, = (¢ : p*: po):

Note that the triangles ABC and Ry,R4R, are perspective at the point
P2=(p?: ¢ :r?), the barycentric square ofP.



1.3 Perspectivities

This con guration leads to a set of triply perspective triangles whex the
three perspectors are known points of the gure. This is summasd in the
following table.

triply perspective triangles and their three perspectors
ABC and P,P,P; 'P:tQ; and 'Qy
ABC and'P,'Py'P, P;Q: and Q;
ABC and PQ;Q, 'Pp;t Pq and 'P;
ABC and'P'Q;'Q, Pp; Py and P,
PpPqPr and RyR4R;, Q' Qo and (PP+ qr: g+ rp :r2+ po
'P,PsP: and 'RiR{R; Q1; Q. and (p+ gr=p: g+ rp=q:r + pg=n

1.4 Special cases
1.4.1 P = K (Lemoine point)

This is the Brocard con guration : 'Q; and 'Q, are the Brocard points
usually denoted by ; and , and P,P4P; is the rst Brocard triangle
A:B.C;.

142 P = H (orthocenter)

This is the con guration cited in [4] where'Q; and 'Q, are called \cosine
orthocenters” (denoted by ; and , in the Tucker paper).

1.43 P =1 (incenter)

In this case!Q; and 'Q, are sometimes called the Jerabek points.

2 Related conics

2.1 Steiner Conics

The six points P; Qq; Qz; Pp; Py; P lie on an ellipseE; centered atG ho-
mothetic to the Steiner circum-ellipse with equation :

(qr+ rp + p(x? + y* + 2%) = (p* + ¢ + r?)(yz + zx + xy)

Their isotomic conjugates'P;' Qy;' Q2! Pyt Pyt Py lie on another ellipse
E; centered atG homothetic to the Steiner circum-ellipse with equation :

par(p+ g+ r)(x* + y*+ z%) = (fr? + r?p* + p*qf)(yz + zx + xy)

Note that these two ellipses are bicentric conics since any poiM =
(x 1y :z) on one ellipse has its two bicentric mate$1, = (z : x : y) and
M, = (y :z:X) on this same ellipse. See gure 1.



Figure 1: The Steiner Conics

2.2 Brocard Conics

The six points P;' Qy;' Qz; Pp; Pg; Py lie on a conicB; centered at 3 =
[p(2gr + p(g+ r p)) ::]. This conic also containsG=P, the center of the
circumconic with perspectorP. Its equation is :

qrx? + rpy? + pgZ = p’yz+ ofzx + raxy:

B, is a circle if and only ifP = K (Lemoine point) and this circle is the
Brocard circle with diameter OK and centerX 1g».

Similarly, the isotomic conjugatesP; Qy; Qz;' Py Pyt Pr of the six points
above also lie on a coni®, centered at 4, =[cfri(qr p(q+ r +2p)) :].
Its equation is :

par(px® + qy’ + rz%) = fréyz+ rp’zx + pPeexy:

This conic is the Brocard circle if and only ifP = X .
These two conics are also bicentric conics. See gure 2.

These two conicB; and B, generate a pencil that contains a circle if and
only if P lies either on :

1. the line at in nity in which case B; decomposes into the line at in nity
and a line,

2. the Steiner ellipse in which casB, decomposes into the line at in nity
and a line,



Figure 2: The Brocard Conics

3. the pivotal cubic pK(G;K). In this latter case, the axes of the two

2.3

conics have the same directions.

Three other conics

Pa; Pp; Pt Pa;t Pyt P lie on the bicevian conidG, = C(P;! P) with equa-
tion : X
par(x®+ y*+ 2% = p(¢f + r’)yz

cyclic

G is a circle if and only if the cyclocevian conjugate d® coincide with
the isotomic conjugate'P of P. There are six such points which are
the cevian O-points of Table 39 in [1].

Pab; Pba; Poc; Peb; Pea; Pac lie on the bicevian conics = C(1Q4;! Q,) with
equation : X X
g = (p*+ qr)yz
cyclic cyclic

which is a circle if and only ifP = X 4.

Similarly 'Pap;! Ppa;t Poc;t Pep;! Peast Pac lie on the bicevian conicG =
C(Q1; Q) with equation :

X
par(px? + qy’ + rz%) = ar(p® + qr)yz

cyclic



which is a circle if and only ifP is the isotomic conjugateX 998 Of X 194.

Note that these three conics are bicentric conics again. See gude

Figure 3: The ConicsG and G

3 Tucker cubics

3.1 A locus

Let be a real number and let us denote by the area of triangle
ABC.
An easy computation shows that the locus of poinMl = (X :y : z) such
that the area of the cevian triangle ofM is constant and equal to S is an
isotomic non-pivotal circum-cubicT ( ) with equation :

X 1
x(y2+z9)+2 1 = xyz=0
cyclic
or equivalently :
X
x(y>+ z2)+2(  1)xyz=0;
cyclic

or again :
1 1 1 2
(x+y+2z) —+=-+=- =1+ —:
X 'y z



Its root is the centroid G.

The equations above show that all these cubics are in a pencil of cine-
cubics and also that each cubic is a bicentric cubic since any poidt = (X :
y : z) on the cubic has obviously its two bicentric mate$1; = (z: x :y) and
M, = (y:z:X) on the cubic.

Consider the three conicsa, g, ¢ Wwith equations :
Al (X+y)(x+2) x*=0;
g1 (Y+2)(y+x) y*=0;
c: (z+x)(z+y) z?°=0:
A passes throughB, C and is centered on the mediai\G at the image of
2( 1)
R

to the sidelines of the antimedial triangle.
A, B, c are parabolas if and only if =4.
T ( ) is the jacobian of these three conics i.e. the locus bf such that
the polar lines ofM in the three conics concur atN which also lies on the
cubic.

A in the homothety with center G, ratio A IS tangent atB, C

The same locus is easily de ned from a given poit = (p: qg:r) as the
locus of pointM = (x :y: z) such that the areas of the cevian triangles of
M and P are equal. The equation given above is rewritten under the form :

X

X
par  x(y*+ 2% =xyz  p(d+r?)
cyclic cyclic
X X
0 par  x¥y+2z)=xyz  pg+r);
cyclic cyclic

the cubic being then denoted byl (P) and called the P-Tucker cubic since
it generalizes a cubic found by R. Tucker in [4].

Remark 1 : since two isotomic conjugate and'P have equal area cevian
triangles, we haveT (P) = T (‘P).

Remark 2 : the third point of T (P) on the line through P and 'P is Q
and the tangents to the cubic atP and!P pass throughtQ. The coordinates
are :
pla 1) .

P2 qr

=p2qr_ tA —
Q p@ r) Q

3.2 Immediate properties
3.2.1 Points on the curve

It is obvious that T (P) passes through the eighteen following points :

{ the vertices A; B; C already mentionned.

{ the points at in nity of the sidelines of ABC which are in exion points
since the trilinear polar of the rootG is the line at in nity.

{ P and its isotomic conjugate'P.

{ the ten points obtained from P and 'P by permuting their coordinates
namely Q1; Qz; Pp; Pg; Pr and their isotomic conjugates Q;' Qz;' Pp;t Pyt Py :

Recall that all these points come in triples formed by one point and its
two bicentric mates.



3.2.2 Asymptotes

They are obviously in exional and parallel to the sidelines ofABC.
They form a triangle homothetic to ABC at G. The ratio of homothety
is 72( b

+2

3.2.3 Tangents

The tangent at A;B; C are parallel to the sidelines o ABC and are
the sidelines of the antimedial triangle. From thisT (P) is tritangent to the
Steiner circum-ellipse at these points.

Each median meetd (P) again at two points and the tangents at them
are also parallel to the sidelines cABC, this coming from the fact that the
polar conic of the point at in nity of a sideline of ABC degenerates into an
asymptote and the relative median.

3.2.4 Polar conic of the centroid G

The polar conic of the centroidG is generally an ellipse, homothetic of

the Steiner ellipse under the homothety with centefG, ratio 4711 Its
equation is : X X
x>+(3 1) yz=0
cyclic cyclic
or X X
(x> 2y2)+(6 1) yz=0
cyclic cyclic

which clearly shows that this polar conic belongs to a pencil of con¢ea

ellipses generated by the Steiner circum-ellipse and in-ellipse. It degeates
when =1 (into the line at in nity counted twice) or when = 1=4 (into

two imaginary lines throughG and the in nite points of the Steiner ellipse).
When =0 itis the Steiner circum-ellipse and when = 1=5itis the Steiner
in-ellipse. With =1=3, we nd the imaginary diagonal conic with equation
X%+ y2+ 72=0.

When 2 [0;244[[ ]1;+1 [, the polar conic is a real non-degenerate
ellipse. Furthermore, if 2]1;+1 [ the polar conic ofG meets the cubic at
six real points hence it is possible to draw six real tangents fro@ to the
cubic. See for example the Tucker-Poncelet cubic below.

3.3 Construction of T (P)

The parallel to AC at P intersectsBC at B® and the parallel to AB at
P intersectsBC at C°.

For any point m on the lineBC, let us denote bymPits homologue under
the involution (on BC) which swapsB; B and C; C% An easy way to realize
the construction of m®is the following : the line AP intersects again the
circle ABB %at E and the circle AEm meetsBC again at m°

The conic throughA; B; C;! P;' m (which is the isotomic conjugate of the
line P m) intersects the lineP mP at two points on the cubicT (P).



4 Some special examples of T (P)

4.1 The \original" Tucker cubic K011

This cubic isT(H) (or T (*H) where'H = Xgo) and is the one quoted in
[4]. It contains X 4, X9, Xg77, Xg79.

4.2 The Tucker-Brocard cubic K012

This is T(K) (or T (*K) where'K = X+) passing through the Brocard
points and the vertices of the rst Brocard triangle. It contains Xg, X6,

X880, Xgsg2.

4.3 The Tucker-Gergonne-Nagel cubic K013

This is T (X7) or T (Xg) where X7, Xg are the Gergonne and Nagel points
respectively. It containsX;, Xg, Xggs, Xgss.

4.4 The Tucker-Jerabek cubic K014

This is T(l) (or T (') where'l = X+s5) passing through the Jerabek
pOintS. It contains X1, X75, Xg74, Xg76.

45 T (P) with concuring asymptotes K016

There is one and only one non-degenerale(P) with concuring asymp-
totes (at G) obtained when =1 : this is the locus of pointM such that
the area of the cevian triangle oM is equal toS.

46 The G Tucker cubic KO015

T (P) is unicursal if and only if it passes through one and only one xed
point of the isotomic conjugation. When this xed point is one of the ertices
of the antimedial triangle, the cubic decomposes into the union ofésidelines
of this triangle.

Hence there is one and only one unicursal Tucker cubic and it TS(G)
with a singularity at G : T (G) is a conico-pivotal isocubic with pivotal-conic
the Steiner circum-ellipse i.e. for any poinM on the curve, the line through
M and its isotomic conjugate'M envelopes the Steiner circum-ellipse. The
equation of T (G) is :

X
x(y?+ z?) 6xyz=0

cyclic

4.7 The Tucker-Poncelet cubic K327

This is T (2), locus of pointM such that the area of the cevian triangle
of M is 2S. It is an example of Tucker cubic such that six real tangents can
be drawn through G to the cubic. See gure 4.



polar conic of G

Figure 4: The Tucker-Poncelet cubidK327

5 A family of related cubics

5.1 The cubics V(P)

Recall that the equation of the Tucker cubicT (P) can be written under
the form X X
par  x*(y+2) xyz  p*g+r)=0:

cyclic cyclic

A permutation of the plus and minus signs in this equation gives

X 2 X 2
par  x°(y 2z)+ xyz p(q r)=0; (1)

cyclic cyclic

or equivalently
Y Y
py 2+ (g r)x=0; 2)

cyclic cyclic

and this leads us to a new cubi®¥/(P) that contains many points related
to T (P). This cubic is a bicentric cubic again.

Indeed, V(P) and T (P) have nine identi ed common points namelyA,
B, C, 'P, Pp, Py, Pr, 'Q; and 'Q,. Note that the tangents atA, B, C are
the medians ofABC.

Recall that T (P) is a self-isotomic non-pivotal cubic. On the other hand,
the isotomic transform ofV(P) is V('P) with equation

Y Y
ply 2) (@ r)x=0: 3)

cyclic cyclic

Moreover, V(P) also contains :

10



the midpoints M,, My, M, of ABC.

G=P (the G Ceva conjugate ofP, the center of the circumconiadC(P)
with perspector P) and its two bicentric mates.

G cP (the G cross conjugate oP) and its two bicentric mates.

'Qo, the tangential of 'P, the intersection of the lines'Q;'Q, and
G=P;GcP. See gure 5.

V(P)

Figure 5: V(P) and T (P)

the in nite points of the pivotal cubic K; with pole P and pivot the
anticomplement of'P i.e. the P Ceva conjugate ofG. This easily
derives from the following form of equation (1) :

X X
( gr+rp+pax(ry® qZ)=(x+y+z) p(q r)yz

cyclic cyclic
V(P) and K; meet at six other points on the circumconicC (P) with
equation X
p’(@ ryz=0:

cyclic

These points areA, B, C, GcP and two points P;, P, on the line
G:;'P. Note that

{ G(P) also containsP, the complement of P and P2, the barycentric
square ofP,

{ Ky is a cubic with three concurring asymptotes. See gure 6. One

11



Figure 6: V(P) and K,

remarkable thing to observe is that the asymptotes of(P) are in ex-
ional. Indeed, the hessian cubic df (P) has equation
|

Y Y Y
(@ 1) ply 20+ (@ r)x

cyclic cyclic cyclic
=ApPQri(x+ y+ 2)(X° xy+y? xz yz+ 2%

where the left hand side represents the equation &f(P) itself and
where k?> xy+y? xz yz+z?) =0 isthe union of the two imaginary
lines passing throughG and the in nite points of the Steiner ellipse.

It follows that the poloconic of the line at in nity must be an ellipse
with center G, homothetic to the Steiner ellipse and inscribed in the
triangle formed by the asymptotes.

the common pointsA, B, C, M1, M,, M3 of the Steiner ellipse and the
pivotal cubic K, with pole P and pivot G=P. The tangents at these
six points concur atG since the polar conic of5 in V(P) is the Steiner
ellipse. Note that this latter cubic has three asymptotes concurrgnat

G.

Furthermore, each asymptote ofV(P) is parallel to a line passing
through one vertex of ABC and one vertex ofM;M,M3. See gure
7. V(P) and K, meet at three other points on the lineP; G=P namely
G=P, P3, P4. See gure 8. This is obtained with another form of (1) :
X X
p( p+ g+ nx(ry? aZ)=(yz+zx+xy) ar(@ rx

cyclic cyclic

12



Figure 7: V(P) and its asymptotes

Figure 8: V(P) and K,

the common points ofC(P) and the pivotal cubic K3 with pole P and
pivot 'P. The three remaining common points aréP and the two
points Py, P, on the lineG;' P. See gure 9.
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Figure 9: V(P) and K3

This is obtained with another form of (1) :
X , X
arx(ry?  qZ) =(pyz+ qzx+ rxy)  p(q r)x

cyclic cyclic

the common pointsM,, My, M, Ta, Ty, T. of the inscribed Steiner
ellipse and the complemenK 4 of the pivotal cubic K, with pole P and

pivot G=P. The three remaining common points ar&=P and the two
intersections P3;, P4 of the line P; G=P with the circumconic passing
through G and 'P, namely the isotomic transform of the lineG;P.

Note that the three points T,, Ty, T are the midpoints ofM;MyM..

This is obtained with another form of (1) :

X
Ay 2)(z x)(x y) ar(@  Nx( x+y+ 2)?
cyclic
X X
= (yz x) ar(@ nx
cyclic cyclic
where
X 2
Ay 2)(z x)(x y) ar(@ rx( x+y+2)°=0
cyclic

is the equation ofK4. See gure 10.

Construction of V(P) :
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Figure 10: V(P) and K4

Let

{ Hp be the diagonal conic throughP, G=P, the vertices of the anticevian
triangles of P and G=P,

{ Lp be a variable line throughP meetingHp again at Q,

{ Cp be the isotomic transform ofLp.

The line Q; G=P meetsCp at two points of V(P).

Example : the Brocard-van Tienhoven cubic V(K)= K512

This cubic was brought to my attention by Chris van Tienhoven in a
private message.

It is probably the most interesting cubicV(P) since it is closely related
to the Brocard geometry and naturally to the Tucker-Brocard chic KO12

Indeed, these two cubics contain the Brocard points,, », the vertices
of the rst Brocard triangle, the third Brocard point X4, O = G=K and
X304 = GCK. See gure 11.

Furthermore, V(K) meets

{ the line at in nity at the same points as pK(Xg; X194) = K410

{ the Steiner ellipse at the same points as the McCay cubi€003

{ the circumcircle of ABC at the same points aK (Xg; X76) = K184
See gure 12.

5.2 Pencils generated by V(P) and T (P)

Recall that V(P) and T (P) have nine identied common points hence
they generate a penciF (P) of cubics passing through these nine points.
F (P) contains several other remarkable cubics.

15



Steinel
ellipse

K512 \

Figure 11: The Brocard-van Tienhoven cubic antK012

\ 184

K51 K003 /K410 \

Figure 12: The Brocard-van Tienhoven cubic antk003 K184 K410

one cubicV* (P) without term in xyz (a Ko cubic) which is at the
same time aK™ i.e. having three concurring asymptotes, here if®.
See gure 13.

The asymptotes ofv* (P) are also in exional. Indeed, the hessian cubic
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—T5, v
"/
T(P) VY (P) V(P)

Figure 13: V*(P), V(P) and T (P)

of V* (P) has equation
(x+y+2)(x? xy+y> xz yz+2z?)=0
which we have already met above.

one cubicV{P) inscribed in the antimedial triangle G,G,G.. This also
contains the anticomplement of the isotomic conjugate of the cor®
ment of P. The tangents at G,, Gy, G, pass throughG. See gure
14.

6 General bicentric circum-cubics

It is obvious that a bicentric circum-cubicB,.,., must have an equation
of the form :

U(x?y + y?z+ z2x) + v(xy? + yz? + zx*) + 4wxyz = 0;
whereu, v, w are any three real (not all null) numbers.

Note that B,..w« meets the sidelines oABC at three points independent
ofwnamelyU=(0: v:u),V=(u:0: vyandW =( v:u:0). These
points form a bicentric triple with centroid G and, moreover, they are the
tangentials of the vertices oABC i.e. the tangents atA, B, C to B,.,.,« pass
through U, V, W respectively.

More generally, for any pointP on B,.,.., the triangle formed by P and
its bicentric mates is inscribed in the cubic and rotates aroun® when P
traverses the cubic.

17



v@p) TP\ \ V(P)

Figure 14: V{P), V(P) and T (P)

The isotomic transform ofB,.,.,, is clearlyB,.,., and this shows thatB,..
is a self-isotomic cubic if and only ifu = v. These are the Tucker cubics.
This is the only case when the point¥J, V, W are collinear.

The points U, V, W are the vertices of a cevian triangle if and only if
u+ v =0, and with w suitably chosen, we obtain the cubic¥(P) seen above.
In the particular casew = 0, we obtain V* (P).

6.1 Polar conic of the centroid

The polar conicG,.,., of G with respect to B,.,., can be written under
the form :
(u+t V)(x+y+ z)2+4w(yz+ zx+ xy) =0; (4)

showing that it is generally an ellipse with centeiG homothetic to the
Steiner ellipse. This can be real or not, proper or degenerate.

3u+3v+4w

The ratio  of homothecy is given by ? = a

Naturally B,..w meetsG,,., at six points with tangents concurring atG.
The equation (4) and the ratio clearly con rm that :

whenu+ v =0, G, IS the Steiner ellipse ( = 1),

whenw = 0, By..w has three in exional asymptotes concurring aiG
sinceG,..w IS the line at in nity counted twice ( = 1),

whenu+ v+ w =0, G.., IS the Steiner in-ellipse ( = 1=2),

18



whenu+ v = 4w, G,..., IS the Steiner ellipse of the antimedial triangle
( =2),

whenu + v+ 2w = 0, G, . is the diagonal conicx? + y2+ z2 = 0
(2= 1=2).

Each condition above leads to a pencil of cubics such that the polasrac
of G is the same for any cubic in the pencil.

6.2 Bicentric circum-cubics passing through a given
point

Let us now impose that the cubicB,.,., contains a given pointP. It
is clear from the general equation above that the correspondinghkics now
form a pencil passing through nine xed points forming three bicenit triples.
These triples areA, B, C { P, Q1, Q2 { 'Pp, 'Pg, 'Pr.

Each cubic of the pencil can be characterized by a single parameterd,
when this parameter varies, the polar conic d& meets the corresponding cu-
bic at six points lying on a same bicentric circum-quinticQ(P) that contains
P, Q1, Q2, 'Pp, 'Pg, 'P;, the in nite points of the Steiner ellipse, G, G,, Gy,
G, the anticomplementaP of P and its two bicentric mates.

This quintic has ve asymptotes concurring atG. Note that the tangents
atA, B, C, P, Qi, Qy, 'Pp, 'Py, 'P; pass throughG. See gure 15.

Ga

Figure 15: The bicentric circum-quinticQ(P)

19



6.3 Examples

We conclude this paper with several selected examples and someiadd
tional remarks concerning each particular situation..

6.3.1 Example 1

When G,.,.w Is the Steiner ellipse, the cubid®,.,., must pass through the
midpoints of ABC and thus the tangents atA, B, C must be the medians
of ABC. B,y Meets the Steiner ellipse at three other point&% B® C°
forming a bicentric triple with centroid G.

All these cubics form a pencil and the cubic that passes throughelgiven
point P = (p:q:r) has equation :

X
px(ry  qy)(ay+ rz) =0:
cyclic

It also contains theG Ceva conjugate of P and the G crossconjugate
of tP (equivalently the isotomic conjugate of theG Ceva conjugate ofP)
and the four corresponding bicentric mates. The tangential & is the third
point on the line passing through the two former points.

The gure 16 shows the cubic that containsXg, X 75, Xg7 and naturally
their six bicentric mates.

Figure 16: B,.,., With polar conic the Steiner ellipse

6.3.2 Example 2

When G,...w is the Steiner in-ellipse, the cubidB,.., passing through
P meets this ellipse at six (real or not) points with their tangents passg
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through G. These six points form two other bicentric triples.

The gure 17 shows the cubic that containsX ;¢, the Brocard points, the
vertices of the rst Brocard triangle.

Figure 17: B,.,.w With polar conic the Steiner in-ellipse

6.3.3 Example 3

When G,...w is the union of the two imaginary lines passing througi
and the in nite points of the Steiner ellipse, the cubicB,..., is an acnodal
cubic with G as isolated node on the curve.

The gure 18 shows the cubic that containsX ;, the Brocard points, the
vertices of the rst Brocard triangle.

6.3.4 Example 4

When G,.,.w is the Steiner ellipse of the antimedial trianglés,GGc, the
cubic By.v.w passing throughP also containsG,, Gy, G. and naturally Qq,
Q2, 'Pp, 'Py, 'P;, these nine points forming three bicentric triples.

The gure 19 shows the cubic that containsX .
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